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$x$ , $\lfloor x\rfloor$ $x$ , $\lceil x\rceil$ $x$ , $\{x\}=$
$x-[x][]$g $x$ , $||x||= \min$ ( $\{x\},$ $1$ \dashv x}) $e(x)=\exp(2\pi ix)$
$f<<g$ $f=O$(g) , $C$ $|f|\leq Cg$
, discrepancy , ,
1([2]). (x\tilde \geq l $L^{2_{-}}discoepancyD_{N}^{(2\rangle}(x_{n})$
$D_{N}^{(2)}(x_{n})=( \int_{0}^{1}R_{N}^{2}(x)dx)^{1/2}$
. $R_{N}(x)= \frac{1}{N}\sum_{n=1}^{N}\chi_{[0,x)}(x_{n}),$ $\chi.[0,x)(x_{n})=1$ if $\{x_{n}\}\in[0, x)$ , $\chi_{[0_{1}x)}(x_{n})=0$ otherwise,
, RN(x)=( [0, $x$ ) $\{x_{n}\},$ $n=1,$ $\ldots,$ $N$ )/N.
discrepancy
$\hat{\mathrm{r}}\not\cong 2([2])$ . $(x_{n})_{n\geq 1}$ discrepancy $D_{N}$
$D_{N}(x_{n})= \sup_{0<x<1}|$ffN$(x)|$ .
$L^{2}$ -discrepancy discrepancy $\mathrm{U}$ (H. Niederreiter,
[4] $)$ :
$\frac{1}{\sqrt{12}}D_{N}^{3/2}(x_{n})\leq D_{N}^{(2\rangle}(x_{n})\leq D_{N}(x_{n})$ .
Parseval , (Niederreiter, [4]) .
$(D_{N}^{(2)}(x_{n}))^{2}=( \frac{1}{N}\sum_{n=1}^{N}(\{x_{n}\}-\frac{1}{2}))‘+\frac{1}{2\pi^{2}}\sum_{h=1}^{\infty}\frac{1}{h^{2}}|\frac{1}{N}\sum_{n=1}^{N}e(hx_{n})|^{\iota}$ (1)
3([3]). $\alpha$ $K>0$ , $q$ $||\alpha q||\geq$
$K/q$ , $\alpha$ constant type , $c=c(\tau, \alpha)>0$ ,
6 $q$ , $||\alpha q||\geq c/q^{\tau}$ $\tau$ $\eta$ , $\alpha$ type $\eta$
( $\tau$ infinite type )
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. (1) $\alpha$ constarlt type 9 $\alpha$ ,
, $\alpha=[a_{0}, \alpha 1, a_{2}, \ldots]$ $a_{i}\leq C(i\geq 1)\circ(2)$ Dirichlet ,
type $\eta$ $\eta\geq 1$ (3) Roth , type
$\eta=1$
1999 , [5] $\alpha$ type $\eta$ $\beta$ ,
$\epsilon>0$ , $C($ \mbox{\boldmath $\alpha$}, $\beta)$
$D_{N}(\alpha n+\beta\log n)\leq C(\alpha.,\beta)$N-2/$(2\eta+1)+\epsilon$
, $\alpha$ constant type , $C’(\alpha, \beta)$
$D_{N}(\alpha n+\beta\log n)\leq C’(\alpha, \beta)N^{-2/3}\log N$ (2)
, $(x_{n})$ , $c>0$
$N$
$D_{N}^{(2)}(x_{\gamma l})\geq cN^{-1}(\log N)^{1/2}$
(Roth, [7])
$\alpha$ ,
DN(2 $(\alpha n)=O(N^{-1}\log N)$ (3)
, (Niederreiter, [4])
1985 Proinov [6] , $\alpha$ , symmetrisized (\mbox{\boldmath $\alpha$}n)-
$(y_{n})=(\alpha, -\alpha, 2\alpha, -2\alpha, \ldots)$
DN(2 $(y_{n})=O(N^{-1}(\log N)^{1/2})$
, { $\sim$ A discrepancy (3) $(\log N)^{1/2}$
, symmetrisized (xn)- $(y_{n})$ $y2n-1=x_{n},$ $y_{2n}=-x_{n}(n=1,2, \ldots)$




symmetrisized ( $\alpha n+\beta 1$og n)- $(y_{n}):y_{2n-1}=\alpha n+\beta 1$og $n;y_{2n}=-$ ( $\alpha n+\beta 1$og $n$)
$(n=1,2. . . .)$ $L^{2}$-discrepancy , (4) ,
$D_{N}^{(2)}$
28
1 ([9, Lemma 4.4]). $f$ (x) , $f’(x)$ $[a, b]$ , $0<$
$\lambda<1$ , $[a, b]$ $|f’(x)|\leq\lambda$
$| \int_{a}^{b}e(f(x))dx-\sum_{a<n\leq b}e(f(n))|=O(\frac{1}{1-\lambda})$
2 ([8, Lemma 4.7]). $f$ (x) $[a, b]$ $f’(x)$
o $A=f’(a),$ $B$ =f’(b)
$\sum_{a<n\leq b}e(f(n))=\sum_{A-\eta<\nu<B+\eta}\int_{a}^{b}e(f(x)-\nu x)dx+O(\log(B-A+2))$ ,
, $\eta$ 1
3 (Atkinson’ssaddle point lemma, [1]). $f$ (z) $\varphi(z)$ , $[a, b]$
(i) $a\leq x\leq b$ $f$ (x) , $f”(x)>0$ ,
(ii) $a\leq x\leq b$ $\mu(x)$ , $a\leq x\leq b,$ $|z-x|\leq\mu(x)$
$f$ (z) $\varphi(z)$ $\mathrm{B}\mathfrak{h}\backslash$ ,
(iii) [a, $b$] $F(x)>0,$ $\Phi(x)>0$ , $a\leq x\leq b_{r}|z-x|\leq\mu(x)$ ,
$\varphi(z)<<\Phi$ (x), $f’(z)\ll F(x)\mu^{-1}(x)$ ,
$(f”(z))^{-1}\ll\mu^{2}(x)F^{-1}(x)$





$+O( \int_{a}^{b}\Phi(x)\exp[-C|k|\mu(x)-CF(x)]dx+|d\mu(x)|))+O(\Phi 0\mu 0F_{0}^{-3/2})$
$+O(\Phi_{a}(|f_{a}’+k|+(f_{a}’’)^{1/2})^{-1})+O(\Phi_{b}(|f_{b}’+k|+(f_{b}’’)^{1/2})^{-1})$ .
$f’(x)+k$ $a\leq x\leq b$ , $x\mathit{0}$
,
1. $\alpha$ , $\beta<0$ $N$ $h>0$ , $c_{h}=-\beta h/\{\alpha h\}$ $1\leq c_{h}\leq N$
$\sum_{n=1}^{N}e(h(\alpha n+\beta\log n))=\frac{(-\beta h)^{1/2}}{\{\alpha h\}}e$ ($\beta$h$(\log c_{h}-1)+1/8$)
$+O$ $((-\beta h)^{1/2}\log(-\beta h+2))+O(\{\alpha h\}^{-1})+O((1-\{\alpha h\})^{-1})$
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1. $\alpha$ , $\beta$ , $N$ $h>0$ ,
$\sum_{n=1}^{N}e(h(\alpha n+\beta\log n))\ll\frac{(-\beta/\iota)^{1/2}}{\{\alpha h\}}+$ ( $-\beta$h)1/2 $\log(-\beta h+2)+\frac{1}{1-\{\alpha h\}}$ .
\beta f\iota /{\mbox{\boldmath $\alpha$}h} $>N$
$\sum_{n=1}^{N}e(h(\alpha n+\beta\log n))<<$ ( $-\beta$h)1/2 $\log(-\beta h+2)$ .
, $D_{N}^{(2)}$
2. $\alpha$ constant type , $\beta$ $\ni \mathrm{E}$ , symmetrisized($\alpha n+\beta$ logn)-
(y )
DN(2 $(y_{n})\ll(|\beta|+1)^{1/2}N^{-2/3}$
\sim - (2) , $\log N$ ,
, $D_{N}^{(2)}$ ( $\alpha n+\beta 1$og $n$)
3. $z_{n}=\alpha\lfloor(n+1)/2\rfloor+\beta(-1)^{n}\log\lfloor(n+1)/2\rfloor,$ $n$ =1,2, $\ldots$ ,
$z_{n}=\alpha$ , $\alpha$ , $2\alpha-\beta\log 2,2\alpha+\beta\log 2,3\alpha-\beta\log 3,3\alpha+\beta\log 3,$
$\ldots$
$\alpha$ type $\eta$ , $\beta$ , $\epsilon>0$ , $C’(\eta, \epsilon, \beta)>0$
, $N$
$D_{N}^{(2)}(z_{n})\geq C’(\eta, \epsilon, \beta)$ N-3/$(2\eta+2)-5$
$\alpha$ , $\beta$ , $N$
DN(2 $(z_{n})\geq C’’(\beta)N^{-3/4}$
3
, , $L^{2}$-discrepancy explicit
, $0\leq x_{1}\leq x_{2}\leq x_{3}\cdots\leq x_{N}\leq 1$ ,
$(D_{N}^{(2)}(x_{n}))^{2}= \frac{1}{N}\sum_{n=1}^{N}(x_{n}-\frac{2n-1}{2N})$ $2+12N^{2}1$
(Niederreiter, [4])
$L^{2}- \mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{a}\mathrm{n}\mathrm{c}.\mathrm{y}$ $D_{N}^{(2\rangle}$ $(\sqrt{2}n+\log n)$ , $N=1,2$ , . . . , 1000
$y= \frac{1}{2}x^{-2/3},$ $y= \frac{1}{2}x^{-3/4}$ ( 1) $f.’.$ , $(\sqrt{2}n)$ $(\sqrt{2}n+\log n)$
$L^{2}$-discrepancy $D_{N}^{(2)},$ $N$ =1,2, . . $\iota$ , 20000 ( 2)
28
1: $L^{2}rightarrow \mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{y}\mathrm{f}$or the first 1000 points
2: $L^{2_{-}}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{y}\mathrm{f}$ or $\mathrm{t}1_{1}\mathrm{e}$ first 20000 points
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